INTRODUCTION
There are many ways to transfer a spacecraft from the Earth to an orbit about the Moon. The conventional, direct method has been implemented in many missions, including the Surveyor and Apollo missions as well as the more recent Lunar Reconnaissance Orbiter mission. The method involves a large maneuver to depart the Earth, a large maneuver to insert into orbit at the Moon, and up to six days of transfer duration. The spacecraft performs small trajectory correction maneuvers, but otherwise coasts ballistically during the transfer. The GRAIL mission 1, 2, 3 is implementing two low-energy transfers 4 that are each operationally similar to a direct transfer; that is, each involves a large maneuver to depart the Earth, a large maneuver to insert into orbit at the Moon, and a ballistic coast with only small adjustment maneuvers. There are many subtle differences between direct and low-energy transfers, but both involve two main burns and a nearly-ballistic trans-lunar cruise.
A variety of trajectory types follow this paradigm. The direct and low-energy trajectories may include any number of Earth phasing orbits and/or lunar flybys prior to their final lunar arrival. Each phasing orbit in a lunar transfer increases the duration of the transfer and potentially adds undesirable passes through the Van Allen Belts, but also opens up new options in the mission design trade space. Earth phasing orbits often permit a mission to launch on multiple days to reach a particular lunar arrival, particularly if orbit-raising maneuvers are introduced in the mission plan, e.g., ISRO's Chandrayaan-1 lunar mission. 5 At first glance, it may not be obvious when a mission can depart the Earth and/or arrive at the Moon using any given trajectory type. For instance, it may not be obvious when a mission can launch from the Earth to reach a particular lunar orbit using a 3-month long low-energy transfer. Furthermore, it may not be obvious how much ∆V is required, and whether or not it is worth the added transfer duration to follow the low-energy transfer rather than a direct lunar transfer. Sweetser has estimated the global minimum ∆V needed to traverse a simple direct lunar transfer; 6 others have studied certain types of low-energy transfers. 4, 7, 8, 9, 10 The purpose of this paper is to provide a survey of lunar transfers that follow the two-burn ballistic transfer paradigm (i.e., transfers that are entirely ballistic except for the Earth-departure and lunar-arrival maneuvers). This paper will consider only missions to polar lunar orbits, in order to reduce the scope of the study. The surveys presented here illustrate when and how to depart the Earth in order to arrive at a given polar lunar orbit at a given time. They also illustrate the range of fuel costs associated with each transfer type as well as the required itinerary of Earth phasing orbits and/or lunar flybys (if any). This information will guide mission designers as they select a particular lunar transfer -or symmetric Earth returnfor a mission.
Background
Some of the most famous two-burn nearly-ballistic lunar transfers were those used in the Apollo program. Figure 1 illustrates the 3-day transfer that the Apollo 11 astronauts used to go from the Earth to the Moon in 1969. 11 The mission implemented a low Earth parking orbit with an inclination of approximately 31.38 • . From there, the launch vehicle was required to attain a translunar injection C 3 of approximately -1.38 km 2 /s 2 to reach the Moon in approximately 3.05 days. Upon arrival at the Moon, the vehicle injected into an elliptical orbit with a periapse altitude around 110 km and an apoapse altitude around 310 km, followed soon after by a circularization maneuver. 11 In order to compare the Apollo 11 transfer with the transfers in the surveys presented here, the Apollo 11 transfer would have a velocity of approximately 2.57 km/s at an altitude of 100 km above the mean lunar surface, requiring a hypothetical, impulsive ∆V of approximately 0.94 km/s to insert into a circular 100-km orbit. The GRAIL mission design provides an alternative two-burn nearly-ballistic lunar transfer design. 1 The two GRAIL spacecraft are injected into nearly identical Earth-departure orbits from a low Earth parking orbit, much like conventional, direct lunar transfers. However, they are injected at higher velocities such that their initial orbits have apogees far beyond the orbital radius of the Moon. As each spacecraft traverses its orbit's apogee, the Sun's gravity pulls on it and raises its orbit's perigee altitude. Both spacecraft pass near the Sun-Earth L 1 point, EL 1 . By the time each spacecraft falls back toward the Earth, its perigee altitude has risen high enough such that it encounters the Moon and can immediately perform a lunar orbit insertion. GRAIL's launch vehicle targets a trans-lunar injection C 3 of -0.65 ± 0.1 km 2 /s 2 to obtain a cruise that arrives at the Moon between 90 and 115 days later, where both parameters vary depending on the launch date. Both GRAIL spacecraft arrive at the Moon with very similar velocities across the launch period; each spacecraft performs an initial orbit insertion to become captured by the Moon. From there they perform a series of maneuvers to transition into their science orbit. 3 In order to compare the GRAIL trajectory with those surveyed in this paper, and with the Apollo transfer discussed above, each GRAIL spacecraft would have a velocity of approximately 2.30 km/s at an altitude of 100 km if they did not initiate their orbit insertion before that point. A hypothetical impulsive orbit insertion maneuver would require a ∆V of approximately 0.67 km/s to insert each spacecraft into similar circular 100-km lunar orbits.
METHODOLOGY
Each transfer in the surveys presented in this paper departs the Earth, coasts to the Moon, and injects directly into a low lunar orbit. To reduce the scope of the problem while still yielding practical data, the surveys presented here assume that the mission targets a circular 100-km polar orbit about the Moon. This lunar orbit is akin to the mapping orbits of several spacecraft, including Lunar Prospector, Kaguya/SELENE, Chang'e 1, Chandrayaan-1, and the Lunar Reconnaissance Orbiter.
The lunar orbit insertion (LOI) is modeled as a single impulsive maneuver that is performed at the periapse point and places the vehicle directly into a circular orbit. This is not a realistic maneuver, but it is useful to directly compare the total insertion cost of one transfer to another. The orbit insertion cost needed to place a satellite into an elliptical orbit, rather than a circular orbit, may be determined via the Vis-Viva equation. 12 The surveys presented in this paper have been generated using a method that does not make many assumptions about what the lunar transfers look like. This permits each survey to reveal trajectories that may not have been expected. Each trajectory in each survey is constructed using the following procedure:
1. Construct the target lunar orbit. The following parameters are used in this study, specified in a coordinate system that is centered at the Moon and aligned with the lunar spin axis: * Periapse radius, r p : 1837.4 km (∼100 km altitude) Eccentricity, e : Equatorial inclination, i : 90 • Argument of periapse, ω : Specified value Longitude of the ascending node, Ω : Specified value True anomaly, ν : 0 •
The argument of periapse is undefined for a circular orbit. However, since all practical missions to date have inserted into elliptical orbits, and some missions remain in a highly elliptical orbit, the target orbit's argument of periapse, ω, is presented here rather than the true anomaly, which is kept at 0 • to indicate that LOI is performed at periapse. The orbit's eccentricity is given as : it is approximately zero while permitting ω to be defined. 4. Identify the perigee and perilune passages that exist in the trajectory.
(a) If the trajectory flies by the Moon within 500 km, label the trajectory as undesirable.
(b) The latest perigee passage that approaches within 500 km of the Earth is considered the earliest opportunity to inject into that trajectory.
(c) If no low perigees are observed, then the lowest perigee is identified as the trans-lunar injection (TLI) location.
5. Characterize the performance of the trajectory, making note of the following values:
• TLI altitude, inclination, and C 3 ;
• Duration of the transfer;
• Periapse altitude of any/all Earth and Moon flybys; and
This procedure requires four inputs: the longitude of the ascending node of the target orbit (Ω), the argument of periapse of the target orbit (ω), the ∆V of the impulsive LOI (∆V LOI ), and the date of the LOI (t LOI ). Figures 2 and 3 show two examples of lunar transfers generated with this procedure using the inputs summarized in Table 1 . Figure 2 illustrates a direct 4-day transfer and Figure 3 illustrates an 84-day low-energy transfer.
Many surveys have been conducted, searching for practical lunar transfers. In general, a survey fixes the parameters Ω and t LOI and systematically varies the other two parameters. This process generates a two-dimensional map displaying a parameter -typically the TLI altitude -which changes smoothly as either Ω or t LOI shift. These surveys will be described in more detail in the next sections. Figure 4 shows the results of an example survey of lunar transfers. In this example, Ω is set to 120 • , the LOI date is set to 18 July 2010 09:50:08 ET, the value of ω is systematically varied from 0 • −360 • , and ∆V LOI is systematically varied from 650−1050 m/s, a range empirically determined to generate practical transfers. Figure 4 shows the altitude of the trans-lunar injection point for each combination of ω and ∆V LOI . The points colored in white correspond to trajectories that arrive at the Moon such that when propagated backward in time they never come any closer to the Earth. The points colored in black correspond to trajectories that arrive at the Moon such that when propagated backward in time they approach within 10,000 km of the Earth: trajectories that may be used to generate real missions, 14 assuming the departure time and geometry are acceptable. The plot shown in Figure 4 contains many interesting features. First of all, roughly half of the state space is white, corresponding to trajectories that arrive at the Moon from heliocentric orbits. With a quick investigation, one finds that the large black field toward the top of the plot corresponds to direct transfers to the Moon, i.e., trajectories that take 2-6 days to reach the Moon, much like Apollo and LRO; though most of the trajectories include Earth phasing orbits that extend the transfer's duration. The black curve that outlines the large white field corresponds to low-energy lunar transfers that require 80-120 days. There are many other curves throughout the plot that correspond to trajectories that enter some sort of large Earth orbit, or perform a combination of one or more flybys.
EXAMPLE SURVEY
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The direct transfers that are observed in the upper part of the plot shown in Figure 4 require ∆V LOI values from 760 m/s to 1000 m/s or more. The direct transfers that don't involve any Earth phasing orbits or any sort of lunar flyby require at least 818 m/s, though nearly all require 845 m/s or more. Figure 5 explores the structure of the direct transfer state space, presenting two additional maps that only show those trajectories that approach within 1000 km of the Earth; the two maps are color-coded according to the number of Earth perigee passages (top) and lunar flybys (bottom) that they make before arriving at their target orbit. One notices that direct transfers with more phasing orbits and/or lunar flybys may require less orbit insertion ∆V than the most basic lunar transfers. In any case, simple low-energy trajectories exist that require as little as 669 m/s, ∼100 m/s less than most multi-rev direct transfers observed and ∼170 m/s less than most simple direct transfers.
!"#$%&'"()*+*," !"-./$%"()*+*," Tables 2 and 3 summarize the performance parameters of several example direct lunar transfers and low-energy lunar transfers, respectively. Several examples of these trajectories are shown in Figures 6 and 7 , respectively. One can see that the value of ∆V LOI is generally over 100 m/s lower for low-energy transfers in nearly all examples, though the TLI injection energy, C 3 , is higher. The injection energy of direct lunar transfers is very close to -2.0 km 2 /s 2 , compared to a value of approximately -0.7 km 2 /s 2 for low-energy transfers. Both types of transfers have wildly varying TLI inclination values, both relative to the Earth's equator and to the ecliptic. This suggests that transfers can begin from any inclination about the Earth. Previous work has shown that one can use 1-3 maneuvers in order to adjust a trajectory to depart from a specified TLI inclination rather than the ballistic inclination value shown in the tables. 14 The total ∆V required to make this adjustment is on the order of 1 m/s per degree of inclination change. Table 2 . A summary of the performance parameters of several direct lunar transfers shown in Figure 4 and illustrated in Figure 6 . Table 2 . The trajectories are shown in the Sun-Earth rotating frame, such that the Sun is fixed on the x-axis toward the left. Table 3 . A summary of the performance parameters of several low-energy lunar transfers shown in Figure 4 and illustrated in Figure 7 . Table 3 . The trajectories are shown in the Sun-Earth rotating frame, such that the Sun is fixed on the x-axis toward the left.
ARRIVING AT A FIRST-QUARTER MOON
All of the transfers presented in the previous section arrive at the Moon at a particular time into a particular orbit, namely, a circular, polar orbit with a longitude of the ascending node, Ω, of 120 • and a time of arrival, t LOI , of July 18, 2010 at 9:50:08 ET. This time of arrival corresponds to a moment in time when the Sun-Earth-Moon angle is equal to approximately 90 • at the Moon's 1st quarter. This is very similar to the arrival geometry of the two GRAIL spacecraft, though it is a different month. In addition, the plane of the target orbit is nearly orthogonal to the Earth-Moon line. A polar orbit with an Ω-value of 111.9 • (also 291.9 • ) is in a plane that is as close to orthogonal to the Earth-Moon line as a polar orbit can get on this date. The surveys presented in this section keep the time of arrival the same and explore the changes to the lunar transfers that occur as the target orbit's Ω-value is varied. Figure 10 captures the least-expensive ∆V LOI for simple direct lunar transfers as well as lowenergy lunar transfers for any target orbit plane studied. There are many trajectories that require more ∆V, but this figure tracks the least expensive transfer in each case. Trajectories with Earth phasing orbits and/or lunar flybys may require even less ∆V, but those are not tracked here since there are so many paths that a spacecraft can take through the system. One observes that low-energy transfers do indeed reach any target orbit, though the insertion ∆V costs vary as the orbit plane changes. Direct lunar transfers are indeed limited to certain orbital planes, and they require at least 140 m/s more LOI ∆V than a low-energy transfer to the same orbit. The transfer durations for the simple, direct transfers shown here require between 2 and 12 days; the low-energy transfers require between 70 and 120 days.
The lunar transfers with the least LOI ∆V and no low Earth or lunar periapse passages have been identified for each combination of Ω and ω; their performance parameters are plotted in Figure 11 . The left plot shows a map of the LOI ∆V cost of these transfers; the plot on the right shows the corresponding transfer duration for each trajectory. The low-∆V solutions identified in Figure 10 are plotted in these maps for reference, and to identify their ω-values and durations. Direct transfers are easily discerned by observing the dark fields in the plot on the right, corresponding to shortduration transfers. One can see that there are large fields of combinations of Ω and ω that yield low-energy transfers, though the costs increase as one moves away from the low-∆V curves. One can see that the combinations of Ω and ω that yield practical direct transfers are much more limited.
The maps shown in Figure 11 are very useful: they illustrate what sorts of transfers may be used to reach any given polar orbit at the Moon, given that the transfers must arrive at the Moon at this particular arrival time. Missions that target an elliptical orbit must consider which argument of periapsis value to target; missions which aim to enter a circular orbit may likely use any ω for the initial orbit insertion, simplifying the trade space. Similar maps may be generated for any lunar arrival time: two different arrival times will be considered in the next sections. Figure 11 . The combinations of Ω and ω that yield simple lunar transfers, i.e., those without low Earth or lunar periapse passages. If multiple transfers exist for the same combination, then the one with the least LOI ∆V is shown. All of these transfers arrive at a first-quarter Moon. The low-∆V transfers shown in Figure 10 are indicated by dots in each map.
ARRIVING AT A THIRD-QUARTER MOON
All of the transfers studied so far have arrived at the Moon at the same time, when the Moon is at its first quarter. Yet spacecraft missions may need to arrive at the Moon at any time of the month. As a second step in this survey, lunar transfers are studied that arrive at the Moon on August 3rd, 2010 at 04:38:29 ET: a time when the Moon has reached its third quarter. Figure 12 shows two example transfers that arrive at the third-quarter Moon, where the trajectory on the left is a direct lunar transfer and the trajectory on the right is a low-energy transfer. Neither transfer requires any extra Earth phasing orbits or lunar flybys. One notices that the low-energy transfer extends away from the Sun rather than toward it as seen in Figures 3 and 7 . Otherwise the transfers appear very similar to those studied previously. The symmetry observed here is expected according to the nearly symmetrical dynamics in the Sun-Earth system. 15 The Sun-Earth L 1 and L 2 points are located nearly the same distance from the Earth, and three-body libration orbits about those Lagrange points behave in a very similar fashion. One may construct state space maps for transfers to a third-quarter Moon in the same way that maps have been constructed previously to a first-quarter Moon. Figures 13 and 14 Figure 15 shows the same two plots as shown in Figure 11 for these third-quarter lunar arrival transfers. The maps show the LOI ∆V cost and transfer duration for simple lunar transfers that target different lunar orbits. As before, if there are multiple lunar transfers that may be used to arrive at the same lunar orbit, then the maps present the parameters for the transfer with the least LOI ∆V. The maps illustrate that the same trends exist to third-quarter lunar arrivals as do to first-quarter lunar arrivals, but with a 195 • shift in Ω. 
MONTHLY TRENDS
Most characteristics of ballistic two-burn lunar transfers repeat from one month to the next. The Moon's orbital plane is nearly coplanar to the Earth's, and the orbits of the bodies involved are nearly circular. However, since these conditions are not perfectly met, the characteristics of these lunar transfers do vary from one month to the next. The Moon's orbital plane and equatorial plane are tilted approximately 5.1 • and 1.5 • , respectively, relative to the ecliptic. One may therefore assume that the characteristics observed in the state space maps presented here vary by several degrees in their ω-values in a given month. The inclination of the trans-lunar departure state for a given type of lunar transfer may vary by many degrees from one month to the next, particularly on account of the obliquity of the Earth's spin axis.
It has been found that most types of simple lunar transfers appear in any given month. The more complex lunar transfers, such as those with multiple lunar flybys, vary much more on a monthly basis and may not even appear at all in a given month. It is very interesting to observe that simple Figure 18 . The combinations of Ω and ω that yield simple lunar transfers, i.e., those without low Earth or lunar periapse passages. If multiple transfers exist for the same combination, then the one with the least LOI ∆V is shown. All of these transfers arrive at a full Moon. low-energy transfers may be used to target lunar orbits with any Ω-value, though their ∆V requirements vary. It is also good to note once again that simple, short-duration, direct lunar transfers have the least LOI ∆V for any arrival time or month when targeting lunar orbits that are close to orthogonal to the Earth-Moon line.
PRACTICAL CONSIDERATIONS
The surveys presented here study trajectories that are entirely ballistic -they do not contain any correction maneuvers or targeting maneuvers of any sort. When propagated backward in time from the Moon, if a trajectory arrives at the Earth without impacting the Moon then it is considered a viable Earth-Moon transfer. However, the trajectory may have arrived at the Earth with an inclination that is unsuitable for a mission that launches from a particular launch site. Ideally, a mission would start in a low-Earth parking orbit with an inclination very close to that of the latitude of the launch site, e.g., near 28.5 • for missions that launch from Cape Canaveral. It is undesirable to perform a large plane change during launch and trans-lunar injection. Previous work 14 has found that one can add 1 -3 small trajectory correction maneuvers to depart the Earth from a particular LEO parking orbit and transfer onto a desirable low-energy transfer to the Moon; and doing so requires only about 1 m/s per degree of inclination change. This works for low-energy transfers particularly well since low-energy transfers travel far from the Earth and spend many weeks doing so. This method does not work well for direct lunar transfers, which require far more ∆V to change planes.
Mid-course maneuvers may also be implemented to establish a launch period for a low-energy transfer to the Moon, extending or shrinking its transfer duration. Missions that implement direct lunar transfers may establish a launch period using Earth phasing orbits, making those sorts of transfers more desirable in the surveys presented here.
CONCLUSIONS
The surveys presented in this paper characterize two-burn lunar transfers that arrive at the Moon, targeting 100-km polar orbits with any orientation. Transfers are studied that arrive at an example first-quarter Moon, an example full Moon, and an example third-quarter Moon. Many types of transfers are observed, including low-energy transfers, short-duration direct transfers, and variations that involve any number of lunar flybys and Earth phasing orbits, provided that they do not involve any deterministic maneuvers. The only two burns considered are the trans-lunar injection maneuver and orbit insertion maneuver.
It has been found that lunar transfers consistently require trans-lunar injection C 3 values on the order of -2.0 km 2 /s 2 for direct transfers and -0.6 km 2 /s 2 for low-energy transfers. Simple transfers require 2-12 days for direct transfers and 70-120 days for low-energy transfers. The low-energy transfers that require the least LOI ∆V require 660-780 m/s, depending on the target orbit and the arrival time; direct lunar transfers require at least 140 m/s more ∆V. Practical simple direct transfers only exist that target a lunar orbit that is within 60 • of being orthogonal to the Earth-Moon line, though the ∆V cost rises significantly when the orbit is beyond 30 • of orthogonal. Low-energy transfers can target polar orbits with any argument of periapse, ω, or with any longitude of ascending node, Ω; targeting one such parameter restricts the other for a particular arrival date as illustrated in the state space maps presented here.
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